In recent years, a large body of research has focused on unveiling the fundamental physical processes that living systems utilize to perform functions, such as coordinated action and collective decision making. Here, we demonstrate that important features of collective decision making among higher organisms are captured effectively by a novel formulation of well-characterized physical spin systems, where the spin state is equivalent to two opposing preferences, and a bias in the preferred state represents the strength of individual opinions. We reveal that individuals (spins) without a preference (unbiased or uninformed) play a central role in collective decision making, both in maximizing the ability of the system to achieve consensus (via enhancement of the propagation of spin states) and in minimizing the time taken to do so (via a process reminiscent of stochastic resonance). Which state (option) is selected collectively, however, is shown to depend strongly on the nonlinearity of local interactions. Relatively linear social response results in unbiased individuals reinforcing the majority preference, even in the face of a strongly biased numerical minority (thus promoting democratic outcomes). If interactions are highly nonlinear, however, unbiased individuals exert the opposite influence, promoting a strongly biased minority and inhibiting majority preference. These results enhance our understanding of physical computation in biological collectives and suggest new avenues to explore in the collective dynamics of spin systems.
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Here, we explore the dynamics of populations making collective decisions. Despite being inspired by recent experimental data from animal groups, we deliberately shift the focus from understanding collective decisions in a particular experimental context to a general understanding of the underlying dynamical interplay among population constitution, space, and the character of local interactions. In doing so we demonstrate that many of the complex, and possibly counterintuitive, features seen when considering collective decision making by organisms can be represented via consideration of a continuum, or "family," of spin system models.
A main focus of our work is to consider observations in animal groups that suggest that unbiased (or uninformed) individuals can strongly influence the outcome of collective consensus decisions [11] . Previous phenomenological models, while able to capture some elements in common with experiments [11] , provide relatively limited insight into the mechanism of action. Here, we exploit the well-characterized nature of physical spin systems to deepen our theoretical understanding of collective decision making, employing a two-choice decision task for a group with three distinct subpopulations: two subpopulations with conflicting preferences (informed or preference individuals), and a variable proportion of unbiased individuals (who participate in the decision making process, but have no information and/or no preferred outcome).
In physical terms one could think of each informed subpopulation as being sensitive to a different external field. Each field exerts an influence on the corresponding subpopulation, increasing its tendency to remain in, or return to, its preferred state. Thus, beyond biological applications, our work suggests new avenues to explore in interacting particle systems, and could have applications in a wide range of systems from magnetic materials to neural and social dynamics.
Description of the model.-We consider a family of nonlinear (discrete time) voter models on the 2D square lattice [12] [13] [14] [15] [16] in which individuals may, or may not, exhibit a bias regarding their preferred state; our social collective is a spin system in which each lattice point is characterized by an opinion state σ z ∈ f−1; þ1g and a fixed bias ω z . Opinion states change in time and are shared with neighbors during interactions. For simplicity, we assume that ω z ∈ fω 0 ; ω þ ; ω − g, corresponding to unbiased
; 1Þ] subpopulations, respectively. We assume that individuals from each biased subpopulation are randomly and uniformly distributed in the landscape according to the
At each time step, an individual samples the opinions of its four neighbors, mimicking local influence or social pressure, and computes a social field that is distorted by its own personal bias ω z :
Bias is implemented as an amplification of the influence of neighbors who agree with an individual's internal preference. This amounts to an increased willingness to switch into, or an intransigent tendency to remain in, a preferred state given at least one supporting neighbor.
Given its social field h ω z , an individual then updates its opinion state probabilistically. Individuals in the −1 state at time t transition to the þ1 state at time t þ 1 with a probability G β ðh ω z Þ and individuals transition from the þ1 to the −1 state with a probability 1 − G β ðh ω z Þ, where G β ðhÞ is the following sigmoid function:
and where β ∈ ð0; ∞Þ serves to parametrize the nonlinearity of the model. When ω z ¼ 1∀ z (no bias), and in the limit as β → 0, our model reduces to the classical voter model [17, 18] . By contrast, as β → ∞, G β ðh ω Þ becomes a step function and we recover zero temperature (discrete time) Ising dynamics [15, 19] (also known as the majority-rule model). Interpolating between these two extremes allows us to investigate models that exhibit a spectrum of coarsening behaviors [20] .
Consensus and time to equilibrium.-The impact of unbiased individuals on the equilibrium of the system is readily apparent [ Fig. 1(a) ]. In the absence of a sufficient density of such individuals, the system becomes frozen in a frustrated state with pockets of each opinion [22] . A set of similarly biased individuals within a small region of space is self-reinforcing, and at low densities of unbiased individuals these self-reinforcing pockets are common, preventing the flow of information across the system. By contrast, clusters of unbiased individuals can be thought of as pooling information or allowing opinions to propagate. Thus, increasing the density of such individuals contributes to achieving consensus in two key ways-spatially diluting biased individuals, and pooling opinion states.
For each set of system parameters, we find there is a specific density of unbiased individuals (ρ Ã 0 ) at which selfreinforcing clusters disappear and the system will reach consensus (hσi ¼ AE1). For a wide range of parameters, this specific density also corresponds to both the global minimum for the time to consensus and a local minimum in the time to equilibrium (where equilibrium may be a frustrated state) [ Fig. 1(b) ]. In particular, the time to equilibrium is a nonmonotonic function of the density ρ 0 , and, in the vicinity of ρ Ã 0 , adding unbiased individuals to the system can both increase magnetization and reduce the time to equilibrium.
In a broad sense, this behavior is analogous to (aperiodic) stochastic resonance [23] [24] [25] , in which adding some noise, here the unbiased individuals, to the system can actually amplify the signal, here the magnetization. Unbiased individuals can be interpreted as noise, in the sense that they do not carry any intrinsic preference, and that in the absence of biased individuals, the population would drift to a þ1 or −1 magnetization with equal probability. Furthermore, our system exhibits some similarities with random nonlinear dynamical systems, where noise allows the system to escape the local minima of a potential-here the self-reinforcing clusters of biased individuals.
Lastly, while in the absence of any biased individuals both absorbing states are equally probable, very little "signal" is required to drive the system to a given absorbing state. A small number of biased individuals (< 10) is enough to significantly increase the probability of reaching the preferred absorbing state (See Supplemental Material at [26] for Fig. S2 ).
Effect of nonlinearities.-We now turn our attention to the impact of the unbiased individuals on the equilibrium of the system for different values of the nonlinearity parameter β. As in Ref. [11] , we consider a majority with a weak preference for the þ1 state and a minority with a strong preference for the −1 state (i.e., ρ − < ρ þ but 1=ω − > ω þ ), and a variable number of unbiased individuals.
Before examining the complex behavior that arises through the interaction of space and nonlinearity, let us first consider the role of nonlinearity alone in a mean-field model. This space-free model can be thought of as a null model that serves as both a convenient way to first define the notion of intrinsic preference, and second to later highlight the role of space. In this setting, the fraction v of individuals in the þ1 state is described by the dynamics
where hb β ðvÞi can be interpreted as the preference for the þ1 state in a population with magnetization hσi ¼ 2v − 1:
where b β i ðvÞ is the probability for an individual of type i to switch from −1 to þ1 in a population where the magnetization of each individual is chosen independently according to the distribution Pð1Þ ¼ 1 − Pð−1Þ ¼ v. When social influence in the population does not favor any opinion (hσi ¼ 0 or v ¼ 1=2), the coefficient hb β ð1=2Þi can be interpreted as a measure of intrinsic preference.
If we start the dynamics at vð0Þ ¼ 1=2, the sign of the magnetization at equilibrium is determined by the population's intrinsic preference. In turn, straightforward analytics show that the fraction of unbiased individuals does not affect the sign of this intrinsic preference, but only affects its magnitude [Figs. 2(a) and 2(b)].
In the spatial model, the situation is quite different. Beyond altering the coarsening dynamics [27, 28] , the social nonlinearity can qualitatively change the equilibrium magnetization of the system.
First, in contrast with the mean-field model, the boundary between the þ1 or −1 dominated regions of the parameter space depends on the concentration of unbiased individuals. As ρ 0 increases, the region of parameter space where the minority dominates at equilibrium expands; the expansion is more prominent for higher values of β (Fig. 3) . This is consistent with the finding that unbiased individuals can promote a specific subpopulation and, in doing so, reverse the outcome of a collective decision [11] .
Secondly, in the region of parameter space where the numerical advantage of the majority is roughly balanced by the increased bias of the minority (i.e., when the average intrinsic preference of the population is close to zero) the system deviates substantially from its mean-field behavior. Without unbiased individuals, the system equilibrium is close to zero magnetization [ Fig. 4 (inset) ]. As the proportion of unbiased individuals increases, the magnetization of the system is determined by the value of the nonlinearity parameter β [ Fig. 4 (main figure) ].
If social influence during interactions tends to be relatively linear, unbiased individuals reinforce the majority preference in the face of a more strongly biased numerical minority, thus promoting democratic outcomes. However, as social influence becomes increasingly nonlinear, the role of unbiased individuals is reversed; they now tend to promote a strongly biased minority, thus inhibiting the role of numerical advantage and amplifying the role of preference strength. If local interactions can be modulated by internal or external factors, this result suggests that group decisions may be readily adaptable [29, 30] .
Relaxing spatial constraints.-That the mean-field model exhibits qualitatively different behavior than the spatial model suggests that spatial constraints are important to both the dynamics and the final state of the system. To understand the role of such constraints, we consider an intermediate model between our original fixed-position model and a pure mean-field approach.
We employ a model of the kind studied by Durrett and Neuhauser with fast stirring [31] . Neighboring individuals can now exchange positions, and do so much more frequently than they update their opinions (update with probability ϵ ≪ 1). We make a further simplifying assumption that the roles of biased and unbiased individuals are randomly redistributed in the landscape each time step [32] .
In the limit as ϵ → 0, the local density of þ1 opinions is well described by the solution to the following partial differential equation [31] :
which is obtained from the mean-field equation (3) by adding a Laplacian term. Standard analysis of reaction-diffusion equations [33] states that when Eq. (4) has a unique stationary point on (0,1), the asymptotic behavior of the equation is determined by the stability of this point. When stable, the equilibrium of the fast-stirring dynamics coincides with the mean-field equilibrium; if unstable, the equilibrium of the system is determined by R 1 0 hb β ðvÞidv, which can be interpreted as the mean preference of the population. When it is greater (less) than 1=2, the system reaches a consensus at þ1 (−1).
In Fig. 2 , we started from a frustrated population in which the mean-field equilibrium is achieved at some internal stable stationary point ρ Ã ∈ ð0; 1Þ in the absence of unbiased individuals [ Fig. 2(a) ]. From the previous analysis, uðx; tÞ → ρ Ã as t↑∞, and the sign of the magnetization is determined by the population's intrinsic preference. By increasing the density of unbiased individuals ρ 0 , the internal stationary point becomes unstable [ Fig. 2(b) ] and the system reaches a consensus determined by the population's mean preference.
In summary, in the region of the parameter space where Eq. (3) admits a unique stationary point on (0,1), the region of dominance for the minority opinion is either determined by the intrinsic preference of the population (low density of unbiased individuals) or by its mean preference (high density of unbiased individuals). As in the original spatial model, we then observe that the minority dominated region expands as the density of unbiased individuals increases, and that this effect is more important for higher values of β [34] . Future directions.-In this work we demonstrate that important features of collective decision making can be captured and understood in the context of spin systems. There are both natural and biologically important extensions to be pursued in future work. For example, decision making systems (e.g., neural or animal groups) in nature can be offered multiple options. Numerical simulations, and potentially limited analyses, could be conducted for a dynamical model interpolating between the multistate voter model [35] and a generalization of the Potts model [36] .
Additionally, we hope to focus on more complex and naturalistic topologies. Simulating consensus dynamics on graphs constructed from real sensory networks in fish schools [37, 38] may provide both better estimates of the actual density of unbiased individuals in such schools and a test bed for understanding how and when fluctuations due to finite system size play a meaningful role in decision making.
Lastly, our work suggests that for a given topology and set of biasesthereisanoptimaldensityofunbiasedindividuals.Further analysis, particularly with respect to the different time scales of coarsening, could provide insights into a mechanism whereby agents could self-organize toward such an optimal density.
